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THE EFFECTS OF CROSS-SECTIONAL ELONGATION
ON TRAPPED ELECTRON MODES

I. INTRODUCTION

Recently it has been shownl that the toroidal drift of
trapped electrons can have a lérge destabilizing effect on
the dissipative trappedrélectron mode. Thiilis particularly
true for high température régimes where the dissipation due
to scattering of the trapped electrons becomes small. The
destabilization may be viewed as resulting from'; wave-particle
resonance occuring when the toroidal coﬁpdnent of the wave
phi;e vélocity is QQual to the trapped particle toroidal
drift. On the othervhand, Glasser ét‘al.2 have shown that the
cross-sectional elongation of avtbkamak can slow down or re-
verse the toroidal trapped particle driff. Here wé formulate
and evaluate the relevant dispersion relation to study these

effects.

Note: Manuscript submitted September 15, 1977.
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II. COORDINATES

To begin, it is necessary to define the coordinate system.
Let Y denote the poloidal magnetic flux function, such that
surfaces of constant ¢y are maﬁnefic tiux sﬁrtaces, and
dy = RBedlv, where B, is the poloidal componént of B, R is the
tokamak major radius coordinate, and dlw.is a differential
length perpendicular to the flux surface. Also let 0 be a
coordinate denoting the poloidal position on a flux surface.
We define 8 by dé = B, [q(W)RBe(Q)]'ld;e, where B. is the
toroidal component of B, dle 13 ; differential length along
the line of constant ¥ in the poloidal plane, q(¥) = (25)'1
_£ BC(BQR)-ldle. and the subscript c on the integral symbol
denotes 1ntegration over one circuit around the flux surface.

Note that RB, is constant on a flux surface. We assume that

14
the mode is localized to a mode rational surface q(¥) = m/n,

where m and n are integers.
ITI. DISPERSION RELATION

We now turn to the formulation of the dispersion re-

lation. We assume that the wave is purely electrostatic and

.neglect effects nonlocal in ¢y (a treatment of shear stabiliza-

tion in non-circular cross-section appears in Ref. 3). The

perturbed distribution function Fj for spécies J is given by

the linearized Vlasov equation,

bl i ek i
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~ﬁhere ¢ is the‘perturhea electrostatic potential, B is the
equilibrium magnetic field, and Fg, the equilibrium distribution

function, is given by

FQ = F¥ [1--(1 EJRLF —,)(vﬁ—v )] (2)

J J

In Eq. (2), rg is the Maxwellian distribution fumction,

vy £ (2TJ/mJ)i - wn‘l = - dfnn /dy, ng z [dfn TJ/d!]/[dLn n /dv],

and TJ, n, are, respectively, the temperature and unperturbed
electron or ion density.

Since we expect the wave electric field to be nearly per-

pendicular to B we express the periurbat.on in the form

& = $(0) exp(imd - fa’ - ict) e )1

where we-expect’@(e)-to be a sicy fuuctivn of 6 compared with
the variation in the'expoﬁéntial part of Eq. (3). Since'we
employ the local approximation, any ? dependence of ¢ is-

neglected by Eq. (3).

a. Ion Response
To evaluate the ion density response, we substitute Eqs. (2)
and (3)‘into'Eq. (1) and integrate along unperturbed particle

orbits,

i S e N S
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where W

« 2 oT,c/eY, ,T =T /T;, and e = |e|] is the electron

charge. In Eq. (g) we write the ion orbit asg

B(E') Ig4v, BIUE - 1), ()

o(t')&6 + v, (RQ)TI(t' - t) + 6, (6)

6, = v,B,(aRa,)™ {Bgl(t') sin(2,(t'~t) + 8]- B;_l"msine'}} i

%

where 8 is the angle of ¥ with respect to the direction perpen-

dicular to tﬁe flux surface, Qi is the ion cyclotron frequency,
2 : '
4
are dpproximately ¢onstant;on a' flux surface.

and we have assumed that B '>>B§ and a large aspect ratio so

that 91.‘nd-3;

Also wé.have assumed the scg;eflength for changes in B, perpen-

4
dicular to a flux surface is long compared to an ion Larmor

radius. Putting these orbits into Eq.'(4) and making use of
o

the identity exp(iy Sin a) =Z Jn(y)exp(ina‘),
N==w [

where Jn is Bessel function of order n, we obtain for m<<$2i ;

gia b i 2y
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thg that the argumeant of the first Bessel function and ¢ are to
be'evaluated following the orbit while the argument ‘of the second
Bessel function is evaluated at the Eulerian position. Since
both $ and Jo are not rapid functiong of 6 we may neglect'ei'in
6(t') appearing in Eq. (8). To evaluate the ion density we
integrate Eq. (8) over all velocities. Interchanging the order
of the t' and V, integrations yields ‘

‘ 2 2
. exD( -V / v ) ot )
ime + 1int 3. — 1 S let

Gni 3

=== % - iz—e
%o Ty Ty

o

2
A w v . w. n .
-$ (8 ;[w + 3 - gageny B )] Hea,ar) + 227 o(a,a )‘ :

vy

where

H(a,a') = exp [-(a’+ a'?y/4| 1,00’ /2)

-exp [-(a2+ a'z)/4l[&a'gﬁaa'/2)

G(a,a')

- (o® + o'?) 1 (a0'/2)/2] .




o2 e(t ) 9 + (t -t)v /Rq
@ £ nB Vi/RQi B (6) _ (9)

and a' = nB Vi/RRi By(8' ).

In obtaining the above, we have done the v, intozrat:lon by making
use of the integra.l

/xdx exp(-p x2)J o(ax)J (Bx)"tzp )" expE(a + a )/4p ]
(o)
I (cslzn ).

In order to do the remaining integrations, we expand e, G, and H
in Fourier series

-

$(0') =T & exp(ipo’) . 20) ;
P 3=\ ;

G(a,a') =3 g  exp(ise + is'e’)
shsl'. g s :

H(a,a') ul A hs g' exp(ise + is'e’)

s,s8' ]
where
(2m)-2 '
€ss' ~ dej; dé' G(a,a') exp(-ise is'e’')
and  hg, = (2m) 2f aof “40' B(a,a') exp(-1s0-18'0").
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| integration

may be expressed in terms of the plasma dispersion function Z(£),

The t' integration is now easily done. Finally the V‘

Z(g) = ﬂ’i/;.-dx exp(‘-xz)/(x-ﬁ).

The result for én,/n  is

=L = 32 exp(imo-ing-1ut) ¥ ap Mo, exp(1pe) ey
A P.p'
where
Mot , | w ng@ Ny, : '
pp' = "pp' ¥ ;§ [(w ¥ .T.!. 3 ;r*)hs'.‘"p"sf 3T €s.p-p -SJEZ<€)
+ 1% n £2[1 + ez
© =% s,p-p'-s £2(8), (12)

£ = mP.q/(p-s)vi and Gp is the Kronecker delta. Equation (11)

pl
is our final result for the ion density perturbation. - It can ]

be shown that for circular cross section tokamaks (i.e., Be is 4

1 while u :

indevendent of 9), Moo reduces to previous results op’

(p # p') vanishes.

b. ‘Electron Response

The electron density response is4 .

v (Lw'm*e) FZ< 3'(9)>
i w—wd(k,v)+ivetf(v) »

o
1S

g [

exp(imf-ing-iwt )ﬁd3

o
o

e

7
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where w,, = w, (l-gne +nevz/vez), Vetf

e'lve(ve/v)3

is the effective collision fréquency for trapped electrons, et is

the inverse aspect ratio (e = 1-Bpsn

collision deflection trequency,5 fT denotes the velocity space

/Bpax)'Ve 18 the electron

integral over the trapped electrons, angle brackets dehote bounce

average, i.e. <(8)> = 1,7 §d1,(B/BOvT B(e), 1, = §dly(B/Bg) Vil

v" = v(1-x3)*, ANE u(%mevz)'l specitiés the velocity pitch angle
of an electron, u is the magnetic moment, § denotes integration
over the electron bounce orbit whose limits are defined by AB = 1,

J = fv" (B/Be) die is the longitudinal adiabatic invériant, and
el AT
md(l,v) S nmec(etb) aJd/ . (13)

Again using the expansion in Eq.(10), we obtain

6ne e - : '
3;- = T;.exp(ime-in;-imtggg' ap'Nppf exp(ip8),
where

27

N = § & -1— dee-ipe d3v (‘D-m*e)F‘ei <exp(ip'8)> (14)
pp’ 2m o - - m-md(kvv) + i\’eff(ﬂ:

88 < S Yo o e A T PO 3




c. Dispersion Relation

Applying the quasi-neutrality condition we obtain the matrix

equation

:Z'_mpp..cw) + N (w)] ag: = 0. A% .4

pp’

The dispersion relation is

det [tMpp.(p) + N

33 (m)] = 0. - (18)

Once w is obtained from (16) the poloidal mode structure can be

found from (15). Of course, in practice, one must do this by

truncating the infinite matrix to a finite matrix. This program

has been carried out for a specific model equilibrium (described

in Sec. 1IV) and the results are reported in Sec. V.
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- equilibrium in whch the magnetic surfaces are nested ellipses

Iv. EQUILIBRIUM

To evaluate the various quantities involved in the dis-
persion relation apd, in particular, the toroidal drift frequency
wy, we first establish a solution to the m;tnetohydrodynamic
equilibrium equation: |

2 2 {
2 139 23 13 2
Gp-ﬁsn*;ﬁw'-“REWF'iﬁ‘ua' e

where z is the vertical coordinate normal to the toroidal plane
and p is the plasma pressure. Following Reference 2, we specialize :

to a particular analytical model equilibrium, namely, an J

of the same ellipticity, x, and the to:oidsl current density
is constant (i.e., the right hand side of Eq. (17) is constant.
Letting x = R-Ro << Ro, Eq. (17) reduces to

(32 32 )
— - Y = constant. 1
axz 2z

Equation (18) yields the solution

v = «B0°/2q, (19) '

where x = p cos 9 and z = kp sind, Bo is the magnetic field at

p =0 and q is éonstant. It is easy to show that the coordinate 6

10
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defined in Sec. III is the same as the elliptical parameter 0

defined. above. ' ) & ; 2 ]

The bounce period T, and the longitudinal adiabatic

invariant J can now be written:
: 14 . -4 :
Ty = a(B,v) dé RB(1-AB) <, (20)
-1 ' >-‘i
J = ave, § do RB(1-3B)2, (21)

where R-Ro + 0 cos8, BzBo { l-—¢ cos8 + ezcosze

. -2
+~% 52Q. [1 + (.<2_1) cosz.e]} , and € 2 p/Ro.

The reflection.positions (i.e., the points where ¥ 0), Gc,
for a trapped particle with pitch angle variable A is determined
by the equation .

AB(QC) = 1. (22)

If « is sufficiently large such that 2¢ + (¢2-1) eq~21,

the trapped particles will assume two types of orbit:

(1) If AB(8 = 0)<1, Eq. (22) allows only one positive

solution for 8, (<m), hence the trapped particles bounce between

-8

¢ and ec,,as in the case of circular cross section tokamaks.

11




(ii) 1If AB(6 = 0)>1, Eq. (19) allows two positive
solutions, egl) and 952), and the trapped particles will bounce

281
between»egl) and Qéz?,er between -981) and -Qé )

Substituting Eqs. (19)-(22) into Eq;(13) and expanding

in terms of ¢, we obtain

am, cv2

d® —=—3- h (1,q,€)
eBop i

w

where

h(A,q,e) £ - J 99 X3/X%5
des

Xp ¥ %.Asoqx'l{-:q’lcose-+ 2c2cocze4't2Q°2 [1+(x2-1)coczo]§

- ezn"li;'l(l-ks) [1 + (xz-l)cosze] ; 1+§e2§'z[1+,(x2-1)00329]} 5

xy & (1-28)} ;1—%q2q-2 [2 +(c?-1)co8? ]}.

Xg & {; + % e2q~2 [1 + (xz-ljcoszq]} (1-aB)" %,

Figure 1 shows h as a function of ABmii for q = 2,
€ = 0.25, and several values of «, where By, is the minimum
magnetic field on the flux surface ¢ = 0.25. Note that for

k> 3.5, all trapped electrons have negative toroidal drift.

12
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V. . RESULTS

As shown in Eq. (16), the full dispersion relation is the
determinant of an infinite matrix, each element of which is
an infinite sum resulting from the ion orbits. This together
with the fact that the growth rate y is genmerally comparable to
the frequency W, renders the usual pirtufbation techaiques
ugeless for obtaining an approximate analytical solution of
Eq. (16). We have therefore numerically evaluated Eq. (16)
for the model equilibrium of Sec. IV. The infinite sum in Uog
(Ea. (12)] is evaluated by including as many terms as needed.
Excellent convergence is always obtained by truncating the sum
at [slslo. Finally the determinant is truncated at the point
of gonvqrgeﬁce.(typically'a 7x7 matrix is sufficient) and evaluated.
Two checks have been made to insure that the mode with maximum
growth rate has not begn,;eft out. First, the Nyquist technique
was used to monitor the number of roots. Secondly, in the limit
of low mode number [a<<1, see Eq. (Q)J, the matrix in Eq. (16)

is essentially diagonal and the root reduces to the root of

the first diagomnal e;ement as expected. Since Y<<uwa in this

limit, the numerical value of the root can also' be checked against

approximate analytical expressions.

In what follows, we assume a hydrogen plasma with T"- T,
TRUATIERS 1 SEER ThIR SOSY. 2 ?, and 2 ., = 2. The density
scale length L, = -no(dnoldn)-l is specitied as L, = 0.2R,.

The parameters B , n,, and T, can be scaled out of Eq. (16), if

13
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we normalize w, w,, and Vet with respect to the electron bounce
frequency (wbe) and treat v, (= veff/“be) and nq91ﬂ> as

variable parameters, whe:e Di = Vimic/qBo and n is the toroidal
mode number. However, to be specific, we let B, = 45 kG,

n, = .'.gxlo13 gmfa and treat T, and D as varisble parameters
instead. {The data so obtained .can be comverted irto

the more general representation as described aocove.) With these
parameters spgcified,.wo now solve Eq. (lé) for © (= o, + ivy),
varying the parameters X, T,, and D. Figure 2 shows plots of
the growth rate maximized over mode number versus electron
temperature for several different values of X, 'rigurés 32 aﬁd b,
which display w,. and vy as a function of n for T, = T; = 3 keV,’
are typical dispersion curves. From Fig. 2, ie;note.that for

k = 2, 3, and 4, the maximum growth rates are reduced by factors
of 0.8, 0.6, and 0.4, respectively, as compared to the circular
case (XK = 1), and this iS'ipproximatelj independent of eleétron
temperature. Although these growth reductions are modest,

they may still be significant since they imply that the amount
of shear necessary to stabilize the mode is correspondingiy re¥

duced.6

Furthermore, Fig. 3b shows that the mode number for
which vy peaks increases as the ellipticity increases. This
might be significant if, as is sometimes argued (e.g. turbulent
diffﬁsion ~ Y/kz), the short wavelength modes are less dangerous
than the long wavelength modes. We note that although the

electron toroidal drift has been reversed for all electrons

14

bl




for « = 4, there is still no dramatic stabilization of the
mode. This might be because for x = 4 there exist modes
with reversed toridal phase velocity (cf. Fig. 3 which shows

a region of negative w, for n > 290.)

It 13'1n;erestin¢ to note that some equilibrium studios7

show that even if the elongation of the plasma boundary is

modest, the interior magnetic surfaces can become very elongated.

One of us (KRC) would like to thank Dr. A. T. Drobot,
Dr. I Haber, Dr. W. E. Hobbs, and Dr. ¥W. Jones for helpful ]
discussions on the numerical aspect of the problem. This work i
¥ was supported by the U.S. Energy Research and Development
' j Administration.
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